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ABSTRACT

This document presents a proposal of implementation of #sglbort algorithm, which utilizes hardware features of mod
ern Field-Programmable Gate Array (FPGA) chips, such abghrarandom access memories (DP RAM), to implement
efficient sorting of a data stream.

The implemented sorter is able to sort one data record ewerglock periods. This throughput does not depend on the
capacity of the sorter (defined as number of storage cellsisorter).

The mean latency (expressed in sorting cycles - each equabtolock periods) when sorting the stream of data is equal
to the capacity of the sorter.

Due to efficient use of FPGA resources (e.g. data are storadynrainternal block RAMSs), the complexity of the sorter is
proportional to the logarithm of sorter capacity. Only tequired RAM size is linearly proportional to the sorter czipa
The proposed sorter has been tested in simulations andesyrehl for real FPGA chips to verify its correctness.
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1. INTRODUCTION

Sorting is often an essential part of data processing. Inymagplications it is possible to use software implementetio
which are widely available both in commercial and free varsi However in some high speed applications it is desirable
to perform sorting in hardware, utilizing possibility of nadlel operation. One of algorithms with optimal complexit
O(nlog(n)) and minimal storage requirements is the Heapsdihere exist some descriptions of hardware based sorters
using the Heapsort algorithm. One example is presented,ib2it is not fully parallel. The VHDL implementation of
Heapsort is publicly available at least since 183t this code is not suitable for synthesis.

It seems that no synthesizable implementations of HeajisdfPGA are widely available. Additionally features
available in modern FPGAs such as availability of multipleck RAMs, suitable for use as dual-port mematiefiow
to develop highly parallelized, efficient implementatidnttee Heapsort algorithm. Therefore | decided to develoghsuc
implementation well suited for sorting of stream of datasktaften needed in multichannel data acquisition systems.

2. USE OF HEAPSORT FOR SORTING OF STREAM OF DATA

Let’'s assume, that we have a multichannel detector systéinhwiuring a long time period produces data records marked
with the time-stamp. The data from different channels ar@keed into a single data stream containiigecords, but
due to different occupancies of particular detector chinrand due to different link latencies, the data record$he t
serialized stream are out of order regarding their timeipta Let's denote the time-stamp of the record on poskion

the data stream dg. We need a sorter to sort the data according to their timepstdsafore further processing, so that
vne ZN[1L,K—1]:tyq > t.

From the sorting point of view the important parameter of data stream is the maximum distance between unsorted
data records, defined as:

Direx = max{d € ZN[LK —1]: ke ZN[L,K—d]: tirq <t} @)
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Figure 1. Use of heap sorter to sort stream of data. The ré¢asdaken as the next record in the input stream, and is compared with
theT record on the top of heap.

The value of théDz may be found analyzing the properties of the particularaeteand link system. Such a data
stream may be sorted using a heap sorter contaiMing(Dmax — 1) storage elements. The number of storage elenidnts
will be further denoted asorter capacity.

To simplify further description let's denote the value o time-stamp of the record as tha ue of the record. Record
A is greater than record B, if the time-stamp of record A isafe than time-stamp of record B. In the sorter we use a
binary-heap, organized so, that in the ordered state, e w&record stored in a node is not bigger, than values @irtec
stored in its children.

To perform sorting of our data stream we should first fill thegherithinitial recordswith the “smallest possible” value
(it could be done e.g. automatically after reset of the sprt&fe can for example reserve the time-stamp equal to O fer th
purpose. When sorted records are received from the outpbedddrter, such records with time-stamp equal to zero will
be quietly ignored. Of course the heap filled with thos&al recordsis in ordered state.

Then we should sequentially process our data. In each ganyrie we take one data record from the input data stream,
and compare it with the record available on the top of the hHdpe input record is smaller or equal to the record on the
heap’s top, we output the input record. If the input recorgrisater than record on the heap’s top, we output the record
from the top of the heap, and put the input record on top of &egph In the second case we need to reorder the heap
(see Fig.1). In the next sections, I'll show how to implemienthe FPGA a heap which may be quickly reordered using
the parallel processing. With such approach, the meandgatgnean time spent by the data record inside of the sorter)
expressed in sorting cycles is equal to the capacity of thiersd/Vhen all data stream records are read, we yet need to
extract the biggest records, which are still stored in thaph&or that purpose we should use ¢hd records with “highest
possible” value. E.g. if we udebits to store the time-stamp, we may use the time-stamp ¢g@al- 1 as the value of the
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Figure 2. The simplest hardware architecture implementing paralleldde@ip the hardware.

end record. Of course such time-stamp should never occur in our dagarstr

After the last record from the data stream is processed, @p geoviding theend records to the input, until the first
end record is seen on the output. When fikstd record reaches the output, the whole stream is processed.

3. PARALLEL IMPLEMENTATION OF HEAPSORT IN HARDWARE

I must state here that the final concept developed and pesbirithis paper is very similar to the implementation préseén

in Ref. 5, even though | have developed my solution indepethdeAdditionally due to use of features available in the
new FPGAs, the sorter presented in this paper is able to serterord per 2 clock periods, while solution described in
Ref. 5 needs three “phases” additionally divided into 2 fshdses” in each sorting cycle.

Below I'll present how my concept of synthesizable pardilehp-sorter was developed.

The parallelly operating heap may be relatively easy impleted in the hardware. Because we always may use any
M > (Dmax — 1), let’s concentrate on heaps containMg= 2" — 1 storage elements, which have the most regular structure.
Such a heap may be presented as a storage elements connigetéeb Wsorting nodes", organized ih=n—1 "levels"
as shown in Fig.2. Eacdorting node is connected to thredata storage elements — theupper one (), and twolower: the
left (L), and theright (R). The relationship between the number of lewvkbnd capacity of the sortéM is the following:
M=21+1_1

When (according to the algorithm described in the previoeti@® the new record replaces the value stored in the
upper storage element of the sorting node (the valupdated), the node getactivated and performs operations shown in
the Fig.3.

At first glance, it may seem, that in the worst case (when theinput record finally should be stored in the last level),
we need to activate consecutively sorting nodes in all &£v@b the sorter with levels, with capacityl = 22+1 — 1 would
required steps to fully reorder the heap. (It is not defined yet, howyrdack pulses do we need to complete one step.
This will be discussed later.)

However the more thorough analysis of operations shownenrFily.3 reveals, that the continuous operation of the
sorter requires operation in sorting cycles containiny twb steps:

1. In the first step the level is inactive, and data storageetes it is connected to may get updated by sorting nodes
from the previous and from the next levels.

2. In the second step, the sorting node (SN) compares dataveaqus them if it is necessary, notifying the next level
node about the update.
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Figure 3. Operations performed by each sorting node. Initially the sartidg is part or the sorted hedp € L andU < R). The figure
shows flow of data for different possible relations between the valueeohéfw record (N) and values stored in the storage elements
connected to the sorting node (U, L, R). WHén> U nothing happens.

Please note, that reordering of data in the |§gvébes not disturb heap ordering on higher (previous) leWlsen the
sorting node in the leve] swaps the data, the nehigger record is transferred to the storage element below thid,leve
and the record from this storage element is transferredeatibrage element above this level. However, if the heap was
previously ordered, then this upward transferred recogtasted to béower than thelU record of the parent node in the
level j — 1. Therefore in the Fig.3 only lower (next) levels must bdfieat about the update.

The only requirement to avoid conflicts is that two neighbgiievels do not try to swap data simultaneously. Therefore
when the “odd” levels perform step 1, the “even” levels sdquérform step 2, and when the “odd” levels perform step 2,
the “even” levels should perform step 1. Therefore the stinecshown in the Fig.2 is able to accept one input record and
provide one sorted output record every two steps.

Unfortunately such implementation is very resource hungPpr sorter with capacity oM = 22*1 — 1 we need
(M —1) /2 sorting nodes an¥l data storage elements. Additionally the resources are wmsdinefficiently — as the
previous analysis has shown, in the particular level onky sorting node may be notified about the update and therefore
only one sorting node in each level may be activated in eattmgaycle. This allows us to use only one sorting node per
level, and to use RAM memory instead of independent registerstorage elements. The transformation of our simplest
solution into RAM based sorter is shown in the Fig.4.

However, because the storage elements are accessed bytiwg sodes (belonging to two neighboring levels), instead
of standard RAM, it is better to use the dual port RAM (DP RAMg€ Fig.5) as the storage elements.

4. IMPLEMENTATION OF HEAPSORT WITH DP RAM MEMORIES

In this section I'll present possible DP RAM based impleraéiohs of the Heapsort algorithm, starting from the simiples
one, which is also the easiest to understand.

4.1 Basic implementation of Heapsort with DP RAM memories

The simplest version of Heapsort sorter using the DP RAM&dsvs in the Fig.6. In this structure below the leyele
have the DP RAM with capacity &% = 21 data records. The lower half of this DP RAM is considered ooestheleft (L)
records, while the upper half stores thight (R) records. The same DP RAM is also connected to the next leviéhg
node, providing it with theupper (U) records. When the sorting node from leyeldue to data swapping, updates the
record at address;, it notifies the lower level node about it, sending this addrelhen the next node compares this new
record with itslower memory content at addressas(L) anda; + Pj/2 (R), and takes a decision, whether swapping of
data is needed.
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Figure 4. Transformation of heap-sorter based on independengstetements into heap-sorter based on RAM. In fact the first level
sorting node handles also input and output from the sorter, and theiefas slightly different structure, incorporating it's upper RAM
implemented as internal register. Due to optimizations during synthesisthksosmall RAMs may be synthesized as registers.
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Figure 6. The simplest structure of Heapsort sorter with DP RAM memorie
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Figure 7. Structure of Heapsort sorter with duplicated "lower" DP RAMnmees. This structure allows to read both "L" and "R"
records in the same clock cycle.

In this implementation for sorter with capacity bf = 27+ — 1 we need onlyl sorting nodes and DP RAMs with
different sizes. Such solution makes reasonable use dimes®available in the FPGA, but requires too many clockgzauls
per step. Let's analyze it more thoroughly.

In “step 2” (see Fig.3) the sorting node must comddré andR records. In a single clock period we can read either
recordsN andR, or N andL, as they are read from different memories, but it is impdesibread in the same clock period
recordsL andR, as they are read from the same memory. This problem alonedars to use at least two clock periods
per algorithm step. In fact there is yet another problemaased with the DP RAM timing, which also forces us to use at
least two clock periods per algorithm step, but this will balgzed and solved later.

4.2 Implementation of Heapsort with dual DP RAM memories

The only method to allow simultaneous reading of both L and=€ords, is to have separdgft andright DP RAM
memories. The resulting structure is shown in the Fig.7.

Of course in this implementation we need to provide an aatukti logic (Trandation layer) allowing to present both
memories to the next level as a single DP RAM with two timegbigcapacity.

In this structure we can read all threL andR records in the same clock period, so theoretically we coddkwvith
single clock period per step (sorting one record per twolcfndses). However one problem still remains - the DP RAM
timing. | will address this problem in the next subsection.

4.3 Implementation of Heapsort with dual DP RAM memories and bypass channels

The DP RAMs available in FPGAs work synchronously. To writeesv record we have to provide the address and data in
one clock period, and the next active clock edge will stoeedhta. To read the data we have to provide the read address
in one clock period, and after the active clock edge (i.eh@mext clock period) the read data will be available (see cycles
6,7 and 8 in Fig.8). If we want to achieve operation with orexklperiod per step, whenever the upper level sorting node
decides to update (swap) the record at addagss’e should immediately use this address to read the N recomd Gipper
memory and L and R records from lower memories. Unfortugdted DP RAMs available in contemporary FPGAs do not
allow to read via one port the memory cell which has just begtiem via the second port (see cycle 3 in Fig.8). Similar
conflict may also occur, when the updatédecord in levelj must be immediately read as Rror L record in levelj — 1.

To avoid such conflicts, we need to provide alternative comigation channels (let's denote themlpass channels), to

pass between levels the information about the updateddecut its address.
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Figure 8. Simulation showing the operation of DP RAM. All memory cells viritalized to “33". In pulse 3 the “12” byte was written
through port A to cell 0. Please note, that port B was continuously rgatia cell, and the newly written byte is accessible only in
pulse 5. In pulse 4 the output of port B was undefined. The written byteritalale on the port A output right in the next'(% pulse
(“read after write” behavior of DP RAM).

In clock pulses 6 and 7 the port B address was changed. Please abtbethyte read from the newly selected memory cell is available
on port B output in the next clock cycle.
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Figure 9. Structure of Heapsort sorter with added "bypass charaltgdgling to resolve conflicts, when the same memory cell should
be written in one clock cycle from one port and read from another port.

The resulting structure is shown in the Fig.9. The operaif@orting nodes is modified in the following way. Whenever
the sorting node is activated due to update obiteecord, it doesn't read this record from DP RAM, receivininétead
via thebypass channel from the upper level sorting node.

Similarly when the sorting node reads RandL records, it checks if the address to be read is equal to thessldf just
updated record, transmitted via thgpass channel from the lower level sorting node. If yes, then the apprdpriacord is
read from thabypass channel instead of théeft or right DP RAM.

With this modification the sorter is able to operate with oleek cycle per algorithm step, sorting one data record per
two clock cycles.



Table 1. Results of synthesis of the 15 level heap sorter in the Virtex-6/K&85T-3FF484 chip.

Device Utilization Summary
Number of occupied Slices: 2,484 out of 11,640 21%

Number of RAMB36E1/FIFO36E1s: 92 out of 156 58%
Number of RAMB18E1/FIFO18E1s: 24 out of 312 7%
Speed parameters
Maximum clock frequency \ 100.05 MHz

Table 2. Results of synthesis of the 10 level heap sorter in the Virtex-8/KRB5T-3FF484 chip.

Device Utilization Summary
Number of occupied Slices: 1,860 out of 11,640 15%

Number of RAMB36E1/FIFO36Els: 18 out of 156 11%
Number of RAMB18E1/FIFO18Els: 18 out of 312 5%
Speed parameters
Maximum clock frequency \ 125.2 MHz

5. TESTSOF THE SORTER

The described structure of the sorter has been implemeamtedyinthesizable behavioral VHDL code, and verified in func-
tional simulations, using the GHLsimulator. The input data stream with desired maximum distsbetween unsorted
records (theDnax parameter defined in equation 1) were generated randomly avfirogram written in Pythoh. The
simulations have proved the correct operation of the sorter

Additionally the sorter was synthesized for implementatioVirtex 6 FPGAs. For synthesis we assumed, that the data
record contains 18 bits of time-stamp and 20 bits of payldde. synthesis was performed for the smallest XC6VLX75T-
3FF484 chip. However even in this, relatively small chip @saypossible to implement sorter with 15 levels, and with
capacity 2°t1 — 1 = 65535 records, capable to sort data streams with maximuandis between unordered records equal
to 65536. The achieved maximum clock frequency was equaD@MHz, so the sorter may sort up to 50 million of
records per second. When number of levels was decreased¢addc(ty of 2047 records), the maximum clock frequency
increased to 125 MHz. The detailed results of resource cop8an are summarized in the Tables 1 and 2. As we
can see the occupancy of slices increases similarly to thebauof levels (1310= 1.5 and 24841860= 1.335), while
the occupancy of memories increases significantly fagteth@ory occupancy of memories should be proportional to the
sorter’s capacity, but the fact that not all memory bloclesfally utilized disturbs that relationship).

6. CONCLUSIONS

Presented implementation of the Heapsort algorithm in Fleips allows to achieve sorting of long data stream with high
throughput and minimal possible mean latency. Use of DP RA&Maries allows to store data records with reasonable
consumption of internal routing resources, which allowsitontain short critical paths and relatively high clockjfuency.
Use of additional "bypass channels" allows to compensdieielecies of current DP RAM implementations allowing to
achieve high throughput of 1 record per 2 clock pulses. Thamt&tency (expressed in sorting cycles, each requiring 2
clock pulses) is equal to the capacity of the sorter incretagene, and therefore equal to the maximum allowable distan
between unordered records in the input stream.

The source code of the described implementation will belavia athtt p: // ww. i se. pw. edu. pl / ~wzab/ f pga_
heapsort.
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